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Abstract
We consider the relation between spin and the Berry-phase contribution to the anomalous ve-
locity of massive and massless Dirac particles. We extend the Berry connection that depends only
on the spatial components of the particle momentum to one that depends on the the space and
time components in a covariant manner. We show that this covariant Berry connection captures
the Thomas-precession part of the Bargmann-Michel-Telegdi spin evolution, and contrast it with
the traditional (unitary, but not naturally covariant) Berry connection that describes spin-orbit
coupling. We then consider how the covariant connection enters the classical relativistic dynamics
of spinning particles due to Mathisson, Papapetrou and Dixon. We discuss the problems that arise
with Lorentz covariance in the massless case, and trace them mathematically to a failure of the
Wigner-translation part of the massless-particle little group to be an exact gauge symmetry in
the presence of interactions, and physically to the fact that the measured position of a massless
spinning particle is necessarily observer dependent.
PACS numbers: 03.65.Vf, 04.20.-q
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I. INTRODUCTION
There has been much recent interest in the fluid dynamics of systems possessing anoma-
lous conservation laws [1–5]. An unexpected consequence of this work has been the discovery
that anomalies, which are usually though of as being purely quantum mechanical effects, can
be extracted from the classical kinetic theory of a degenerate gas of Weyl fermions [6]. The
incompressibility of phase space allows the anomalous inflow of particles from the negative-
energy Dirac sea into the positive-energy Fermi sea [7–9] to be reliably counted by keeping
track of the density flux near the Fermi surface where a classical Boltzmann equation be-
comes sufficiently accurate for this purpose. The only required quantum input is knowledge
of how to normalize the phase space-measure and the inclusion of a Berry-phase effect. The
Berry phase causes the velocity of the particle to no longer be parallel to its momentum.
Instead an additional “anomalous velocity” appears as a momentum-space analogue of the
Lorentz force in which the electromagnetic field tensor is replaced by the Berry curvature,
and the particle velocity by k˙. The Berry phase also alters the classical canonical structure
so that x and k are no longer conjugate variables, and d3kd3x is no longer the element of
phase space volume [10, 11].
It is possible to extend these derivations to the non-abelian anomaly [12] and to higher
dimensions [13], but the kinetic-theory used in all these papers is based on Hamiltonian
dynamics where time and space are treated very differently. It is therefore a challenge to to
make the formalism manifestly covariant so that a coupling to gravity might be included.
Indeed it is not easy to see how even flat-space Lorentz invariance is realized in the Hamil-
tonian kinetic theory. This issue was raised in [14] and the curious manner in which the
dynamical variables must transform was made clear in [15].
The most obvious problem with extending the 3-dimensional Hamiltonian formulation
to a covariant 3+1 version is that the Berry curvature is a differential form in only the
three spatial components of the momentum. In a formalism that treats space and time
on an equivalent footing we would expect the connection to involve differentials of all four
components of the energy-momentum vector. In this paper we show how to make such an
extension, and in doing so we make a connection between the Hamiltonian formalism with
its Berry phase modification and the relativistic classical mechanics of spinning particles.
In section II we use a WKB solution to the massive-Dirac equation to motivate an uncon-
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ventional, but covariant, Berry connection that captures the geometric Thomas precession
of the spin. We contrast the properties of this Berry connection with the traditional, non-
covariant Berry connection whose importance in the dynamics of charged Dirac particles was
revealed in [16–18]. In section III we introduce a classical mechanical action for a spinning
particle interacting with a gravitational field. This manifestly covariant action gives rise
to the well-known Mathisson-Papapetrou-Dixon equations [19–21], and we show how these
equations can be recast to make explicit the role of the covariant Berry connection. In sec-
tion IV we discuss the problems that arise when the particle mass becomes zero, and show
how these arise from a hidden gauge invariance of the free action. After selecting a natural
gauge fixing condition, the covariant action reduces to the Berry-connection actions used in
[6, 12, 13]. Mathematically, it is the necessity of gauge fixing that is responsible for the curi-
ous Lorentz transformation laws that appear in [15], physically it is because the “position”
of a massless spinning particle is an observer-dependent concept. The gauge invariance of
the massless action is only approximate in the presence of introduction of interactions and
this leads to the gauge-fixed action not being exactly equivalent to the manifestly covariant
action. We argue that this is perhaps not surprising as in a massless system the adiabatic
approximation that is tacit in any system involving a Berry connection can be violated by
a sufficiently large Lorentz transformation.
A discussion section addresses the physical origin of the anomalous velocity. Finally,
several derivations that would be intrusive in the main text appear in appendices A-D.
II. A COVARIANT BERRY CONNECTION
That a Berry phase gives rise to an anomalous velocity correction was first observed in
the band theory of solids. We begin with a brief account of how the effect appears there,
and why a similar correction is expected in the motion of Dirac particles.
A. Lorentz covariance versus the Berry phase
A semi-classical wave-packet analysis [22, 23] shows that the motion of a charge-e Bloch
electron in an energy band in a crystalline solid is governed by the equations
k˙ = −∂H
∂x
+ e(x˙×B), (1)
4
x˙ =
∂H
∂k
− k˙×Ω. (2)
The effective hamiltonian H = ε(k) + eφ(x) includes the band-energy ε(k) as a function
of the crystal momentum k, together with the interaction with the scalar potential φ. The
vector Ω with components Ωi =
1
2
ǫijkΩjk is a Berry curvature that accounts for the effects of
all other energy bands. The magnetic field B is a function of x only, and Ω is a function of k
only. The −k˙×Ω term in (2) is the anomalous velocity correction to the na¨ıve group velocity
∂ε/∂k. This correction arises because different momentum components of a localized wave-
packet accumulate different geometric phases when k is changing and the Berry curvature
is non-zero [24]. These k-dependent geometric phases are just as significant in determining
the wave-packet position as the k-dependent dynamical phases arising from the dispersion
equation ω = ε(k). A nice illustration of the effect of the anomalous velocity on a particle
trajectory is to be found in [25].
Now a Dirac Hamiltonian can be thought of a Bloch system with two energy bands
ε(k) ≡ E(k) = ±√k2 +m2, and each band possesses a non-zero Berry curvature [16–18].
Consequently (1) and (2) should also describe the semi-classical motion of a relativistic
spin-1
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particle. This raises an interesting issue. We expect that the equation of motion of a
Dirac particle can be written in a manifestly Lorentz invariant form, but it is not immediately
obvious how to massage the Dirac version of (1) and (2) into covariant expressions. The first
line (1) can be written as k˙µ = eFµν x˙
ν , but for (2) how does one define a 3+1 dimensional
analogue of the Maxwell tensor F µν for the intrinsically three-dimensional Berry curvature
Ωij?
B. Covariant WKB approximation for the Dirac equation
In order to obtain a manifestly Lorentz invariant semi-classical equation of motion for a
Dirac particle, we need to extend the non-covariant Berry connection to one in which space
and time components are treated equally. Now the simplest semi-classical approximation to
any wave equation is that of WKB. We therefore construct a WKB approximation to the
Dirac equation coupled to an externally imposed Maxwell field. We maintain covariance at
each step, anticipating that a covariant version of Berry curvature will play some role. WKB
approximations to the Dirac equation have a long history, going back to W. Pauli in 1932
5
[26]. More recent references are [27–29]. None of these works make use of the particular
covariant approach that we introduce here.
We take the particle to have charge e (a positive number when the charge is positive)
and to have positive mass m. Let xµ = (t,x), and seek a positive-energy WKB solution
ψ(x) = a(x)e−iϕ(x)/~, a = a0 + ~a1 + ~
2a2 + . . . (3)
to the Dirac equation
(i~γµ(∂µ + ieAµ/~)−m)ψ = 0. (4)
Here {γµ, γν} = 2ηµν with Minkowski metric ηµν = diag(+,−,−,−), and Aµ = (φ,−A).
Setting pµ
def
= ∂µϕ = (E,−p), we have at order ~0
(γµ(pµ − eAµ)−m) a0 = 0. (5)
We satisfy (5) by setting a0(x) = uα(k(x))C
α(x) with kµ = pµ − eAµ being the gauge-
invariant kinetic momentum, and uα(k) being a complete set of eigenspinor solutions to
(γµkµ −m)uα = 0. (6)
In this equation the kinetic four-momentum kµ = (E,−k) lies on the positive-energy mass
shell: E2 = k2 +m2, E > 0. We take the eigenspinors to have the covariant normalization
u¯αuβ = δαβ . (See appendix A for details)
At order ~1 we have
(γµkµ −m) a1 + (iγµ∂µ)a0 = 0. (7)
Now if
(γµkµ −m)uα = 0, (8)
then
u¯α (γ
µkµ −m) = 0. (9)
We can therefore eliminate the influence of the unknown coefficient a1 and deduce that
u¯βγ
µ∂µa0 = u¯βγ
µ∂µ(uαC
α) = 0. (10)
Equation (10) tells us how both the amplitude and spin components evolve along the classical
trajectory. We rewrite (10) as
u¯βγ
µuα(∂µC
α) + (u¯βγ
µ∂µuα)C
α = 0, (11)
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and then use (B5) from appendix B to write
u¯βγ
µuα = δαβ
kµ
m
≡ δαβV µ, (12)
and so express the transport equation (10) as[
δαβV
µ ∂
∂xµ
+Mαβ
]
Cβ = 0. (13)
Here
Mαβ = u¯αγ
µ ∂
∂xµ
uβ, (14)
and V µ = γ(1,v) = kµ/m is the four-velocity corresponding to the ray-tracing group velocity
v =
∂E
∂k
. (15)
Thus the combination
V µ
∂
∂xµ
≡ d
dτ
(16)
is a convective derivative with respect to proper time along the particle’s trajectory. The
(x,k) trajectory itself is given by Hamilton’s ray-tracing equations and coincides with that
of a spinless charged particle in the background field. There is no sign of the anomalous
velocity. As pointed out in [27], this absence is to be expected because both the intrinsic
spin and magnetic moment of a Dirac particle are proportional to ~, and vanish in the
classical limit. Thus leading-order WKB is not able to account for the effect of the spin on
the particle’s motion. Nonetheless the ratio of the magnetic moment to the spin angular
momentum is independent of ~. As a consequence leading-order WKB is adequate for
obtaining the Bargmann-Michel-Telegdi (BMT) equation [30] that describes the effect of
the magnetic field on the spin evolution. A Berry connection is a key ingredient in this
equation.
To isolate the Berry connection, we decompose
Mαβ =
1
2
(Mαβ +M
∗
βα) +
1
2
(Mαβ −M∗βα), (17)
and, from equation (B5), recognize that
1
2
(Mαβ +M
∗
βα) =
1
2
∂V µ
∂xµ
. (18)
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We now insert the completeness relation I = uλu¯λ − vλv¯λ as intermediate states in the
definition of Mαβ . From the positive-energy uλu¯λ terms we get
(u¯αγ
µuλ)
(
u¯λ
∂¯
∂xµ
uβ
)
=
(
V µ
∂kν
∂xµ
)(
u¯α
∂
∂kν
uβ
)
= −iaαβ,ν dk
ν
dτ
. (19)
The quantity
aαβ,ν
def
= iu¯α
∂uβ
∂kν
(20)
is an unconventional Berry-phase-like connection. It is unitary only with respect the non-
positive-definite inner product 〈ψ|χ〉 ≡ ψ†γ0χ, but makes use of all four components of dkν
and is constructed out of Lorentz-covariant objects. We will therefore refer to it as the
covariant Berry connection.
The contribution of the negative energy intermediate states −vλv¯λ is an example of
Littlejohn’s “no-name” phase [31]. After some labour, we find that their contribution is
− 1
2
(
u¯αγ
µvλv¯λ
∂
∂xµ
uβ − (α↔ β)∗
)
=
ie
2m
SµναβFµνC
β, (21)
where k˙ν = dkν/dτ ,
(Sµν)αβ = u¯α
(
i
4
[γµ, γν]
)
uβ, (22)
and we have used kµ = ∂µϕ− eAµ to write
∂µkν − ∂νkµ = −eFµν . (23)
The combined contribution of both sets of intermediate states therefore leads to[
δαβ
(
V µ
∂
∂xµ
+
1
2
∂V µ
∂xµ
)
− ik˙ν(aν)αβ + ie
2m
SµναβFµν
]
Cβ = 0. (24)
The divergence of the four-velocity in (24) accounts for the change in amplitude due to geo-
metric focussing. The remaining terms describe how the spin evolves through its interaction
with the external field, and as a result of its parallel transport under the Berry connection.
The combination SµνFµν is Lorentz invariant, so we can evaluate it in the particle’s rest
frame where ( e
2m
)
(Sµν)αβFµν → −
( e
m
)
B ·
(σ
2
)
αβ
. (25)
Since the unitary operator for a rotation at angular velocity ω is U(t) = exp{−iω · (σ/2)t}
we see that (25) accounts for the Larmor precession ωLarmor = −|µ|B of the spin due to its
µ = (e/m)S Dirac-value magnetic moment. The two-by-two matrix (e/2m)B · σ acts on
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the polarization spinor χα that is defined in (A2). Polarization is the spin measured in the
rest frame of the particle [28].
To understand the origin of the Berry connection term we use the explicit formulæ for
uα(k) given in (A1) to evaluate
aαβ,ν k˙
ν =
1
m2(1 + γ)
(k× k˙) ·
(σ
2
)
αβ
=
γ2
1 + γ
(β × β˙) ·
(σ
2
)
αβ
= −ωThomas ·
(σ
2
)
αβ
. (26)
Here β ≡ k/E, and
ωThomas = −
(
γ2
1 + γ
)
(β × β˙) (27)
is a standard expression for the Thomas-precession angular velocity. Our covariant Berry
transport is therefore nothing other than Thomas precession — i.e. parallel transport on
the tangent bundle of the positive-mass hyperboloid embedded in Minkowski-signature
momentum-space [32]. The minus sign occurs because the mass-shell hyperboloid is a
negative-curvature Lobachevskii space.
The matrix-valued connection one-form is defined by
a
def
=
1
m2(1 + γ)
(σ
2
)
· (k× dk), (28)
and the associated matrix-valued curvature F = da− ia2 is
F =
1
2m2γ
{
1
2
(
σ +
(k · σ)k
m2(1 + γ)
)}
· (dk× dk). (29)
The connection-form and the curvature do not look covariant as they involve only the spatial
components of dkµ. This is a consequence of the way we wrote uα(k) in (A1). In appendix
B we avoid explicit formalæ for uα and use only general properties of the Dirac equation to
obtain an expression for the curvature in arbitrary dimensions. We find that
Fαβ ≡ (da− ia2)αβ = 1
2m2
(Sµν)αβ dk
µ ∧ dkν , (30)
where (Sµν)αβ was defined in equation (22). This form of the curvature is manifestly co-
variant and contains both space and time components of dkµ. The dkµ are not independent
however, but are constrained by the mass-shell condition k2 = m2. If we desire, therefore,
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we may eliminate dk0 as dk0 = d
√
k2 +m2 = kidki/E = −kidki/E and find
Fαβ =
1
2m2
(
Sij − ki
E
S0j − Si0kj
E
)
αβ
dki ∧ dkj, (31)
where i, j run over space indices only. Evaluation of the required Sµν matrix elements con-
firms that this reduced expression coincides with (29). The combination of spin components
in parentheses on the right-hand side is a general-dimension analogue of the space part of
the (3+1)-dimensional Pauli-Lubansky vector. We will therefore refer to it as the Pauli-
Lubanksy tensor (It is tensor only under space rotations. It is not a Lorentz tensor). It
will appear frequently in the rest of the paper and its geometric and physical significance is
further discussed in appendices A and D.
To verify that parallel transport via the covariant Berry connection is nothing other than
Thomas precision, we show in appendix C that under such transport (i.e. no external torque
or Larmor precession) the WKB approximation to the Dirac-field angular momentum tensor
Sµν = ψ¯(i[γµ, γν ]/4)ψ obeys
∂Sµν
∂τ
+ V ν
∂V λ
∂τ
Sµλ + V
µ∂V
λ
∂τ
Sλ
ν = 0. (32)
Since (B9) tells us that V µSµν = 0, and so (32) states that Sµν is Fermi-Walker transported
along the particle trajectory. Thomas precession is simply the evolution under Fermi-Walker
transport of vectors (such as the spin four-vector S) that are perpendicular to the four-
velocity vector.
C. Comparison with the non-covariant WKB approximation
The traditional form of the WKB transport equation is obtained by expanding ψ =
uα(k)K
α(x) where the uα are given the non-covariant normalization u
†
αuβ = δαβ , and paired
with negative-energy solutions that, in terms of the covariant vα, are given γ
−1vα(−k).
These non-covariant spinors have completeness relation I = uαu
†
α+ vαv
†
α. On using them as
intermediate states we obtain the alternative form of transport equation found in [28, 29]:{
δαβ
(
d
dt
+
1
2
divv
)
+Nαβ
}
Cβ = 0. (33)
Here t is the lab-frame time, v = β is the three velocity, and
Nαβ = −iaαβ,ik˙i − i
( e
m
)
B ·
(
σ +
1
m2
(k · σ)k
γ + 1
)
αβ
1
2γ2
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= −iaαβ,iki − i
( e
m
) 1
γ2
B · (Slab)αβ . (34)
The term with the magnetic field B is again a “no-name” phase that arises from the the
negative-energy intermediate states [31]. The Berry connection aαβ,i is here of conventional
form
aαβ,idk
i def= iu†α
∂uβ
∂ki
dki
= − γ
1 + γ
(β × dβ) ·
(σ
2
)
αβ
. (35)
Compared to the covariant Berry connection, (35) lacks one power of γ. More importantly,
it has the opposite sign. The associated matrix-valued curvature is [18]
F = da− ia2
= − 1
4m2γ3
(
σ +
1
m2
(k · σ)k
γ + 1
)
· (dk× dk). (36)
Again compared to the covariant expression F, the new curvature F lacks two powers of γ,
and again has the opposite sign.
Both the covariant and the non-covariant transport equation lead to the same BMT equa-
tion, but there is a different distribution between terms of the dynamical Larmor precession
and the geometric parallel transport. In the covariant formulation we have precession of the
rest-frame polarization s due to the magnetic field as seen by the particle in its rest frame,
and augmented by the geometric Thomas precession factor. This is how the BMT equation
is broken up in Jackson [33], in his equation (11.166). In the non-covariant formulation we
have precession of the same rest-frame polarization s, but now due to the magnetic field
as seen by the spin in the lab frame and augmented by the conventional Berry transport
term. This is how the BMT equation is decomposed in [18], where the connection (35) and
curvature (36) are obtained from a wave-packet approach.
The difference in sign between the two connections is accounted for by the different
physical effects that they capture. The covariant connection provides the purely geometric
Thomas precession effect. The non-covariant Berry connection implements the spin-orbit
coupling due to the particle’s motion viewed from the lab frame [34]. As was famously
explained by Llewellyn Thomas [35], this spin-orbit coupling comes from two competing
effects: firstly the Lorentz transform of the external field that leads to the motion through
an E field being perceived as a B field, and secondly the Thomas precession that half-undoes
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the Lorentz transformation contribution. The net precession rate therefore has opposite sign
to its Thomas-precession component.
III. CLASSICAL MOTION OF PARTICLES WITH SPIN
Rather than attempt to extend the WKB approximation to higher order, we will use
symmetry consideration to construct a Hamiltonian action-principle version of the dynamics
that is manifestly covariant, gives the same spin transport as the WKB approximation, but
also gives us an anomalous-velocity correction. As our ultimate goal is to understand the
effect of gravity on the particle, we will from the outset take our space-time to be curved.
A. Mathisson-Papapetrou-Dixon equations
There is an extensive literature on the relativistic classical dynamics of particles with
spin, but a desire to make contact with the Berry phase methods of [6, 12, 13] suggests that
we follow the particular approach of [36–38] and take as our dynamical degrees of freedom
the position x ∈ M (where M is the d-dimensional space-time manifold) and a vielbein
frame e˜a with e˜
µ
a e˜
ν
bgµν = ηab where ηab = diag(+,−,−, . . . ,−). Our phase space is then the
total space P of a Lorentz-frame bundle π : P →M equipped with local coordinates (xµ, e˜µa)
and structure group SO(1, d− 1).
It is convenient to introduce a reference vielbein ea, again with e
µ
ae
ν
bgµν = ηab. This
reference frame allows us to write
e˜a = ebΛ
b
a, Λ ∈ SO(1, d− 1), (37)
and so equivalently regard the dynamical degrees of freedom to be x ∈ M and the Lorentz
transformation Λ.
We assume that the space-time M is equipped with a Riemann connection—and hence
with covariant derivatives ∇µ. The reference vielbein then defines the components of the
spin connection ωabµ by
∇µea = eb ωbaµ. (38)
We use these components to assemble the spin-connection one-form
ωab = ω
a
bµdx
µ, (39)
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which lives on the base-space M. The associated Riemann curvature is the base-space two-
form
Rab = dω
a
b + ω
a
c ∧ ωcb. (40)
As with any frame bundle, the connection on the base space automatically provides a de-
composition of the tangent space at each point p in the total space P of the bundle into
horizontal and vertical subspaces: T (P ) = H ⊕ V .
We begin with particles with a non-zero mass m and orient the frame so that k ≡ me˜0
is the 4-momentum. Thus kb = mΛb0 are the vielbein components of the momentum and
kµ = meµaΛ
a
0 are its coordinate components. We also introduce a co-frame of one-forms
e∗a = e∗aµ dx
µ (41)
where e∗a(eb) ≡ e∗aµ eµb = δab and e∗aµ = gµνηabeνb . We then set e˜∗a = (Λ−1)abe∗b. With our
ηab = diag(+,−,−, . . . ,−) signature we have me˜∗0 = kµdxµ = kae∗a.
In [12, 13], the action integral was written in terms of traces over some faithful representa-
tion of the spin or gauge groups. In the present case we could use any faithful representation
of the Lorentz group, but it seems natural to make use of Dirac matrices γa and the Dirac
representation Λ 7→ D(Λ) that acts on them as
D(Λ)γaD(Λ
−1) = γbΛ
b
a. (42)
We will simplify the notation by setting λ = D(Λ). In this section we use the matrices
σab =
1
4
[γa, γb] (43)
as the Lorentz generators. These matrices obey
[σij , σmn] = ηjmσin − ηimσjn − ηjnσim + ηinσjm, (44)
and
[σab, γc] = γaηbc − γbηac. (45)
We also have
tr{σabσcd} = −1
4
tr(I)(ηacηbd − ηadηbc). (46)
The covariant derivative acting on a spin field is
∇µψ =
(
∂
∂xµ
+
1
2
σab ω
ab
µ
)
ψ, (47)
13
and, as usual, we regard the spin connection in the Dirac representation
ω ≡ 1
2
σab ω
ab
µdx
µ (48)
as a matrix-valued one-form.
We can use the Lorentz transformation matrix λ to write
ka = tr {κλ−1γaλ}, (49)
where κ = mγ0/tr(I). Similarly, we define a classical spin angular-momentum tensor
Sab = tr{Σλ−1σabλ}, (50)
where Σ = 1
2
Σabσab.
The quantities ka and Sab are the true dynamical variables of the system. They are
coordinates on the orbit of κ and Σ under the co-adjoint action of the Lorentz group, and
the reduced phase space is the cartesian product of M with this co-adjoint orbit [39]. After
quantization of the co-adjoint orbit, the quantities κ and Σ will define the highest weights
in the resulting representation of the Poincare group [37]. Different choices of the matrix
Σab lead to different values for the intrinsic spin of the particle. Similarly different choices
for the matrix κ = κaγa allow us to consider both massive and massless particles within one
formalism.
If we compute
[Σ, κ] = γaΣ
abκb, (51)
we see that [Σ, κ] = 0 is equivalent to Σabκb = 0, and by Lorentz covariance this is in turn
equivalent to Sabk
b = 0. But [Σ, κ] = 0 means that Σ lies in the the Lie algebra of the
little-group of κ. As Sabk
b = 0 is a property possessed by the Dirac angular momentum
Sab = iψ¯σabψ (see equation (B9)) we will accept this little-group property as a natural
constraint on the spin tensor. In the relativity literature it is known as the Tulczyjew-Dixon
condition [21, 40]. It is to be contrasted with the rival Mathisson-Pirani [19, 41] condition
Sabx˙
b = 0, where
x˙b = ebµ
dxµ
dτ
. (52)
Here τ can be any coordinate that parameterizes the space-time trajectory xµ(τ). It does
not have to be the proper time.
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When λ depends on τ we have
d
dτ
Sab = −tr{[Σ, λ−1λ˙]λ−1σabλ}
= −tr{[λΣλ−1, λ˙λ−1] σab}. (53)
The covariant derivative of Sab along the trajectory x
µ(τ) is therefore given by
D
Dτ
Sab
def
=
d
dτ
Sab − (Scb ωcaµ + Sac ωcbµ) x˙µ
= −tr{[Σ, (λ−1λ˙+ λ−1(ωµx˙µ)λ)]λ−1σabλ}.
= −tr{[λΣλ−1, λ˙λ−1 + ωµx˙µ] σab}. (54)
Similarly, from ka = m tr{κλ−1γaλ}, we get
dka
dτ
= −tr{[λκλ−1, λ˙λ−1]γa} (55)
and hence
D
Dτ
ka =
d
dτ
ka − kc ωcaµx˙µ
= −tr{[λκλ−1, λ˙λ−1 + ωµx˙µ]γa}. (56)
Now we introduce some one-forms that we will use to build the classical action functional
for our particle. Let e∗ = e∗aγa so we can write e˜
∗a = [Λ−1]abe
∗b as e˜∗ = λ−1e∗λ. We use
this to write
kµdx
µ = tr{κλ−1e∗λ} def= Ω1. (57)
which is to be considered as a one-form on the total space P , rather than on the base space
M .
Next define
ω˜ = 1
2
σabω˜
ab def= λ−1
(
d+ 1
2
σabω
ab
)
λ = λ−1(d+ ω)λ. (58)
This is again 1-form on the total space of the bundle π : P → M . The ω˜ab are zero on
the horizontal subspace of H ⊂ T (P ) each point on the fibre, while the e˜∗a are zero on the
vertical subspace of V ⊂ T (P ). We use these forms to define
Ω2 = tr{Σλ−1(d+ ω)λ}. (59)
We take as the action functional
S[x, λ] =
∫
Ω, (60)
15
where
Ω = Ω1 − Ω2, (61)
and the integral is taken along the curve parameterized by τ . As shown in [13], the equations
of motion are
iXdΩ = 0. (62)
where X is a vector field tangential to the trajectory in P .
To compute dΩ1 we will assume that the spin connection is torsion free, so that
de∗a + ωab ∧ e∗b = 0. (63)
We can then use
[σab, γc] = (γaηbc − γbηac) (64)
to see that
dΩ1 = d tr{κλ−1e∗λ}
= −tr{[λκλ−1, dλλ−1 + 1
2
σabω
ab] e∗}. (65)
For dΩ2 we need the matrix-valued Riemann curvature tensor
dω + ω ∧ ω = 1
2
(
1
2
σabR
ab)µνdx
µdxν ≡ R, (66)
and observe that if ω˜ = λ−1(d+ 1
2
σabω
ab)λ we have
dω˜ + ω˜ ∧ ω˜ = λ−1(1
2
σabR
ab)λ ≡ λ−1Rλ. (67)
Consequently
dΩ2 = d tr
{
Σλ−1
(
d+ 1
2
σabω
ab
)
λ
}
= tr
{
λΣλ−1R)
}− tr{λΣλ−1 (dλλ−1 + 1
2
σabω
ab
)2}
. (68)
We will write dλλ−1+ω = ω˜R =
1
2
σabω˜
ab
R . (The “R” because ω˜
ab
R includes the right-invariant
Maurer-Cartan form dλλ−1.) We note that e∗a and ω˜abR are linearly independent and between
them span T∗(P ).
We can evaluate the contractions iXdΩ ≡ dΩ(X) by using
e∗(X) = x˙aγa = x˙
µe∗aµ γa,
dλλ−1(X) = λ˙λ−1,
R(X) = −1
2
σabR
ab
µνdx
µx˙ν = −1
2
σabR
ab
µν x˙
νeµae
∗a,
ω(X) = 1
2
σabω
ab
µx˙
µ. (69)
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Here x˙µ denotes dxµ/dτ . We find that
iXdΩ1 = −tr{[λκλ−1, λ˙λ−1 + ωµx˙µ]γa}e∗a + tr{λκλ−1[σab, γc]}x˙cω˜ab/2
= −tr{[λκλ−1, λ˙λ−1 + ωµx˙µ]γa}e∗a + tr{λκλ−1(γaηbc − γbηac)x˙c)12 ω˜abR
=
(
Dka
Dτ
)
e∗a + (kax˙b − kbx˙a)12 ω˜abR (70)
and
iXdΩ2 = −tr{λΣλ−1Rµν x˙νeµa}e∗a − tr {λΣλ−1, λ˙λ−1 + ωµx˙µ]σab}ω˜abR /2
=
(
−1
2
SmnR
mn
µνe
µ
a x˙
ν
)
e∗a +
(
DSab
Dτ
)
1
2
ω˜abR . (71)
The contraction iXdΩ is therefore a position-dependent combination of e
∗a and ω˜abR . For it to
be zero, we need the coefficients of these forms be separately zero. Requiring the vanishing
of the coefficient of e∗a yields
D
Dτ
kc +
1
2
SabR
ab
µν x˙
νeµc = 0. (72)
Similarly, the vanishing of the coefficient of ω˜abR gives
D
Dτ
Sab + x˙akb − kax˙b = 0. (73)
These are the Mathisson-Papapetrou-Dixon [19–21] equations. The momentum equation
(72) exhibits a gravitational analogue of the Lorentz force, while (73) expresses the con-
servation of total (spin and orbital) angular momentum. It is well known that to obtain
a closed system these two equations have to be supplemented by a condition on the spin
such as our Tulczyjew-Dixon condition kaSab = 0. It is explained in appendix D that this
condition means that xµ(τ) is the worldline of the particle’s centre of mass.
Before we proceed there is a necessary consistency check. Our entire action principle is
built on the assumption that k2 = m2 is fixed — but the RHS of (72) does not immediately
seem to ensure that kaka is a constant of the motion. To verify that it is, we can write
ka = mua where uau
a = 1. We then contract the both sides of the momentum equation
with vc = x˙c and use the antisymmetry of the curvature tensor to see that
mx˙au˙a + m˙x˙
aua = 0. (74)
Now from
uaS
ab = 0 (75)
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we get
uau˙bS˙
ab = −u˙au˙bSab = 0, (76)
and hence from the angular momentum equation we find that
0 = uau˙b(k
ax˙b − x˙akb) = m(u˙bx˙b − u˙bubuax˙a) = mu˙bx˙b. (77)
Thus 0 = m˙ (x˙aua) and the mass is indeed a constant of the motion. This constancy
continues when we include a Lorentz force. It would not survive were we to include an explicit
magnetic moment. In that case the action would need to be extended to accommodate a
modified mass-shell condition [42].
B. The anomalous velocity due to spin
It is the Mathisson-Papapetrou-Dixon angular-momentum equation (73), with its im-
plication that x˙a is no longer parallel to ka, that gives us the anomalous velocity. From
equation (73) and the Tulczyjew-Dixon little-group condition kaSab = 0 we deduce that
− Dk
a
Dτ
Sab = k
2x˙b − kb(x˙ · k). (78)
or
x˙a =
1
m2
(
(ka(x˙ · k) + SacDk
c
Dτ
)
. (79)
There are several things that we can do with this result.
Firstly, substituting (79) into the angular momentum conservation law (73) we find
DSab
Dτ
+
1
m2
(
Sackb
Dkc
Dτ
+ Scbka
Dkc
Dτ
)
= 0. (80)
This is Fermi-Walker transport of the spin angular-momentum tensor along the trajectory
whose tangent vector is kµ/m rather than x˙µ. Dixon [21] calls this M-transport .
Secondly we can find the “anomalous” correction to the relation between velocity and
momentum. Up to now the parameter τ was arbitrary. The action is reparametrization
invariant so τ does not have to be the proper time. If we change the parameterization τ → t
in such a manner that the vielbein component x˙0 becomes unity, then the remaining x˙i,
i = 1, . . . , d− 1, are the components of the velocity “3”-vector in the local Lorentz frame ea
The first component of (79) now becomes
1 =
1
m2
{
(x˙ · k)E + S0cDk
c
Dt
}
, (81)
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or, rearranging,
(x˙ · k) = m
2 + k˙aSa0
E
, (82)
where
k˙a
def
=
Dka
Dt
=
dka
dt
+ ωabckbx˙
c. (83)
Again use i and j for space indices, observe that k0 = E =
√
m2 +
∑3
i=1 k
iki gives
k˙0 =
∂k0
∂kj
k˙j =
kj
E
k˙j = −kj
E
k˙j, (84)
and make use of the skew symmetry in a, b of the spin connection ωabµ. We find that
x˙i =
ki
E
+
1
m2
(
Sij − Si0kj
E
− ki
E
S0j
)
Dkj
Dt
(85)
Equation (85) has a familiar structure! It looks just like the anomalous velocity equation
(2) with
Ωij → 1
m2
(
Sij − Si0kj
E
− ki
E
S0j
)
. (86)
Furthermore, the associated two-form
1
2
Ωij dk
i ∧ dkj = 1
2m2
(
Sij − Si0kj
E
− ki
E
S0j
)
dki ∧ dkj (87)
looks very much like our matrix-valued covariant Berry-connection curvature tensor
Fαβ =
1
2m2
(
Sij − Si0kj
E
− ki
E
S0j
)
αβ
dki ∧ dkj, (88)
which in three dimensions is
Fαβ =
1
2m2
1
γ
{
1
2
(
σ +
(k · σ)k
m2(1 + γ)
)
αβ
}
· (dk× dk). (89)
The quantity in braces is the lab-frame spin of a particle with polarization s = σ/2. It
is therefore natural to identify the classical spin angular momentum Sab with expectation
value
ψ¯
i
4
[γa, γb]ψ = C
∗α(Sab)αβC
β (90)
of the matrix-valued connection evaluated in the WKB state ψ = uαC
α. Were we to quantize
by integrating over λ in a path integral, we would expect Sab to correspond to the operator
(Sab)αβ that acts in the spin-polarization Hilbert space.
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C. Return to the Berry connection
Our classical action (60) leads to dynamical evolution of the elements λ of the non-
compact Lorentz group SO(1, d − 1). In the previous work [6, 12, 13] the phase-space was
parametrized by x, k, and elements of a compact rotation group. We can connect the
apparently distinct formalisms by a simple reparametrization of our degrees of freedom. We
factorize each element λ as
λ = λkσ, (91)
where λk is a chosen k-dependent Lorentz transformation that takes us from the reference
e0 to momentum k, and σ lies in the little group of e0. For massive particles this little group
is SO(d− 1). The two one-forms composing the action (60) now become
Ω1 = kµdx
µ (92)
and
Ω2 = tr{Σλ−1
(
d− 1
2
σabω
ab
)
λ} = tr{Σσ−1(d+ (λ−1k dλk)− 12(λ−1k σabλk)ωab) σ}. (93)
and the action S[x, λ] becomes S[x, k, σ]. As Σ lies in the Lie algebra of little group, the
trace operation projects the Lorentz Lie-algebra element λ−1k dλk into the Lie algebra of the
little-group. The projected element Pλ−1k dλkP ≡ −iaidki is essentially the non-abelian
Berry connection that produces parallel transport on the little group in the formalism of
[6, 12, 13]. A gauge transformation on this Berry connection is a change of choice λk → λkσk
for some k-dependent element σk of the little group. It is “essentially” the same connection
rather than “precisely” the same because we have λ−1k dλk rather than λ
†
kdλk. The present
parallel transport is therefore the non-unitary covariant connection that gives rise to Thomas
precession. In [6, 12, 13] we are considering massless particles, and the Berry connection
provides unitary parallel transport on the group SO(d − 2). Connecting this massless case
to our present formalism requires a more detailed consideration that we supply in the next
section.
IV. MASSLESS PARTICLES
When our particles are massless the situation becomes rather more complicated. Even
in the free case — no gravity, no electromagnetic field, and hence k˙a = 0 — the Mathisson-
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Papapetrou-Dixon angular momentum equation
dSab
dτ
+ x˙akb − kax˙b = 0 (94)
supplemented by the Tulczyjew-Dixon condition Sabk
b = 0 fails to have unique a solution.
Suppose that k2 = 0 and Sab satisfies Sabk
b = 0, then
S˜ab = Sab + (kaSpb − kbSpa)Θp (95)
still satisfies S˜abk
b = 0. Further, if Sab and xa satisfy (94) and we set
x˜a = xa + SpaΘ
p, (96)
then S˜ab, x˜a are also a solution of (94) for any time-dependent Θ
p(τ). This multiplicity of
solutions is related to the absence of a well-defined centre of mass, and to the corresponding
difficulty of defining a covariant spin angular-momentum tensor for massless particles.
That there is going to be problem in the massless case is signalled by the factors of
1/m2 in our Berry curvature tensors. Indeed we expect a problem defining the spin angular-
momentum tensor itself: when ψ is a Dirac spinor of definite chirality, the tensor Sab =
iψ¯[γa, γb]ψ/4 is identically zero. To understand the spin of massless particles, we need
to appreciate Wigner’s observation [43] that the little group for massless particles is the
Euclidean group SE(d− 2), and not the na¨ıvely expected SO(d− 2).
For massless particles in d-dimensional Minkowski space we can take the reference-
momentum einbein to be the null-vector
Na = (1, 0, . . . , 0, 1)︸ ︷︷ ︸
d
. (97)
The Lie algebra of the little group of Na consists of the σab with 0 < a, b, < d that generate
SO(d− 2), together with
πa
def
= N bσba = σ0a + σda, 0 < a < d. (98)
Indeed, we can check that
[πa, N
bγb] = 0, 0 < a < d. (99)
From
[σij , σmn] = ηjmσin − ηimσjn − ηjnσim + ηinσjm (100)
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we find that
[πa, πb] = 0, [σab, πc] = ηbcπa − ηacπb. (101)
The πa therefore behave like translations, and together with the rotations generate the
Euclidean group SE(d − 2). Wigner argues in [43] that the quantum states of all known
particles must be unaffected by these “translations.”
For example, consider the 3+1 massless Dirac equation. For Na = (1, 0, 0, 1) we have
π1 = −1
2
[
iσ2 σ1
σ1 iσ2
]
, π2 =
1
2
[
iσ1 −σ2
−σ2 iσ1
]
, (102)
and both these “translation” operators act as zero on the relevant positive energy, positive
and negaive chirality, states
u+(N) =


1
0
1
0

 , u−(N) =


0
1
0
−1

 . (103)
We can obtain a general null-momentum ka = (|k|,k) = es(1,n) by applying to Na a
rapidity-s boost parallel to the e3 direction, and then a rotation that takes e3 to the unit
vector n. In the Dirac representation, this procedure is implemented by
λk = exp{−iφΣ3} exp{−iθΣ2} exp{sK3}, (104)
where θ and φ are the polar angles of the direction of the three-momentum k, and
Σi =
1
2
[
σi 0
0 σi
]
, Ki =
1
2
[
σi 0
0 −σi
]
, (105)
are respectively the rotation and boost generators. The resulting covariantly-normalized
spinor positive chirality spinor is u+(k) = λku+(N) is
u+(k) = e
s/2
(
χ
χ
)
, (106)
where
χ(k) =
(
cos(θ/2)
eiφ sin(θ/2)
)
. (107)
The Dirac-equation eigenstates are therefore safely indifferent to any Wigner translations in
λk → λkσ.
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The same is not true of the classical angular momentum tensor Sab = tr {Σλ−1σabλ}. If
we replace
λ→ λ exp
(
d−2∑
i=1
θiπi
)
(108)
then we have a transformation
δΘ : Sab → Sab + (kaSpb − kbSpa)Θp (109)
where Θp = Λpiθ
i and ka = ΛabN
b. Thus Sab is affected by the unphysical Wigner trans-
lations in the same manner as in (95). The Wigner-translation operation differs from that
in (95), however, in that the parameter Θp in (95) is arbitrary but the parameter in (109)
must satisfy Θpkp = 0. This constraint follows from the relation Θ
p = Λpi θ
i, and is necessary
for two successive translations with parameters Θp1 and Θ
p
2 to be equivalent to one with
parameters Θp1+Θ
p
2. In particular, a transformation that is allowed by (95) but not by (109)
is given by Θp0 ≡ (−E−1, 0, . . . 0). It takes
δΘ0 : Sab →
(
Sab − ka
E
S0b − Sa0kb
E
)
.
In other words it takes the spin tensor and projects it to Pauli-Lubansky tensor. Any
subsequent Wigner translation leaves the Pauli-Lubansky tensor invariant. This tensor
therefore captures the physically significant part of the spin angular momentum.
A Wigner translation, when combined with the translation xa → xa + SpaΘp, leaves the
free action invariant even for time-dependent Θp(τ). The Wigner translation group must
therefore be regarded as a gauge invariance [44]. The gauge group is slightly larger than just
the Wigner translations because the action on xa is not abelian. Again requiring Θ
pkp = 0,
we find that
[δΘ2 , δΘ1 ]xa = 2Θ
p
1Θ
q
2Spq ka (110)
This means that translations xa → xa+ εka must also be included in the gauge group of the
free action [44].
Being gauge variant, the position of xa of the particle is not an observable. This seems
like a disaster for any mathematical model that claims to describe the motion of a particle.
All is not lost, however. What has happened is that a massless particle has no rest frame
and therefore no observer-independent centre of mass. As explained in appendix D, it still
has well-defined mass centroids , but the location of these centroids depends on the reference
frame of the observer.
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In our massless action, we are still free to fix a gauge, and so pin down a position for the
particle. A natural gauge choice is to factorise λ = λkσ where σ is chosen to be an element
of SO(d−2). In other words, we deliberately excluding the problematic Wigner translations
from our action. Once we do this the free action becomes∫ (
kµdx
µ − tr{Σσ−1(d+ λ−1k dλk)σ}
)
, (111)
and this is of the same form as the action in [6, 12, 13] where the internal spin degree of
freedom lives only in the rotation part of the little group. For example, in 3+1 dimensions
we write
σ = exp{iΣ3ϕ} (112)
and
λ = λkσ = exp{−iφΣ3} exp{−iθΣ2} exp{sK3} exp{iϕΣ3}. (113)
If we take take Σ = JΣ3/4 then
Ω2 =
1
4
Jtr{Σ3λ−1dλ}
= 1
4
Jtr{Σ3σ−1(d+ λ−1k dλk)σ}
= iJtr (dϕ− cos θ dφ)
The dϕ is total derivative and does not affect the equation of motion. The iJ cos θ dφ term
is precisely the Berry phase for a spin J particle. Our action therefore reduces to that in [6].
In general dimensions the gauge fixed action gives the anomalous velocity of the lab-frame
centroid in terms of Wigner-translation invariant Pauli-Lubanski tensor.
x˙i =
ki
E
+
1
E2
(
Sij − Si0kj
E
− ki
E
S0j
)
k˙j . (114)
In the massless case the Pauli-Lubanski tensor not only has vanishing time components (as
does the massive case) but is also perpendicular to the space components of the momentum.
This condition is the higher-dimensional analogue of the spin being slaved to the momentum.
The gauge-fixing is frame-dependent, and consequently the action is no longer manifestly
Lorentz covariant. For complete covariance we need to allow λ to be any Lorentz trans-
formation matrix — not only one that omits the Wigner translations. When we make a
Lorentz transformation, we must therefore make a corresponding gauge transformation so
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as to restore the non-covariant gauge choice in the new frame. The gauge transformation
involves the spacetime-translation in (96), and this translation corresponds to the relocation
of the lab-frame mass centroid defined in (D12). This shift accounts for (in the free theory
at least) the unusual Lorentz transformation uncovered in [15]. The shift is not just a math-
ematical artifact: the position of the energy centroid of of a circularly-polarized light beam
is frame-dependent [45, 46], and the energy-centroid is where a photon detector at rest in
this reference frame would locate the beam.
There is a fly in the ointment, however. The Wigner gauge invariance is violated by
interactions. Once k˙a is non zero we find that the angular momentum conservation equation
changes into
dS˜ab
dτ
+ ˙˜xakb − ka ˙˜xb = (k˙aSpb − k˙bSpa)Θp
= ((xa − x˜a)k˙b − k˙a(xb − x˜b)). (115)
What has happened is that, with a non-zero net force, the external torque depends on the
point about which moments are taken. The non-zero right hand side of (115) is the torque
about the new particle location x˜a due to the force acting at the old particle position xa.
Once we are no longer allowed to make gauge transformations, the gauge-fixed theory and
manifestly covariant theory are no longer exactly equivalent. As a consequence exact Lorentz
invariance has been lost in the gauge-fixed theory. This may seem unsatisfactory, but it is
to be expected. There are two related reasons. Firstly the proof cited in appendix D, that
the angular momentum of an extended body defined by (D2) is actually a Lorentz tensor
depends crucially on there being no external force on the body. When we make a Lorentz
transformation, the time-slice integral samples different epochs in the body’s history, and the
history-dependent momentum acquisition spoils the tensor property. This fact necessarily
causes a problem for any point-particle approximation to the extended body unless the
body is very compact and the external force small. The force being small is also a necessary
condition for the validity of the adiabatic approximation which is a prerequisite for Berry
transport. The adiabatic approximation also depends on there being a large difference in
energy between the ±|E| states. The point-particle actions used in [6, 12, 13] are therfore
only applicable to particles with a large E = |k| — but a Lorentz transformation can take
a large E = |k| particle to one with arbitrarily small E. Therefore only we expect Lorentz
invariance only under suitably “small” transformations.
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V. DISCUSSION
We have seen that for massive particles Berry-phase-containing equations of motion such
as (1) and (2) can be the 3-dimensional reduction of a manifestly covariant equation of
motion for the particle’s center of mass. The same is not true for massless particles. In the
absence of a rest frame in which to define the centre of mass, the best we can do is derive an
equation of motion for the lab-frame energy centroid of the particle, and when the massless
particle is spinning the position of this energy centroid is observer-dependent.
We can understand physically why the spin angular-momentum plays a central role in
the anomalous velocity. A spinning object of mass m and acted on by a force F possesses a
hidden momentum [47, 48] of
P
spin
hidden ≈ −
S× F
mc2
. (116)
(We have restored the factors of c to emphasize that this is a relativistic effect.) Therefore
the total momentum of the body is given by
Ptot ≈ mx˙− S× F
mc2
. (117)
Identifying Ptot with k, and F with k˙, gives us
x˙ ≈ k
m
+
S× k˙
m2c2
. (118)
Now, at low speed, and taking into account that x˙a = −x˙a and ka = −ka, our anomalous
velocity equation (85) reduces to
x˙ =
k
m
+
S× k˙
m2c2
, (119)
so anomalous velicity is precisely accounted for by the hidden-momentum.
When we include the torque produced by a magnetic moment Mab, the angular-
momentum conservation equation becomes [49]
D
Dτ
Sab + x˙akb − kax˙b = FacMcb −MacF cb. (120)
(To get an explicit magnetic moment into the the action principle, we should modify the
mass-shell condition so that p2 = m2 + egSµνF
µν/2, [42]). The g factor is defined by
Mab = ge
2m
Sab, (121)
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and if we approximate (by ignoring terms higher in S)
k˙b = eFbcx˙
c ∼ eFbckc/m, (122)
then we find that our anomalous velocity equation is replaced by
x˙i =
ki
E
+
(
1− g
2
) 1
m2
(
Sij − Si0kj
E
− ki
E
S0j
)
k˙j . (123)
Again we can understand this via a hidden momentum. An accelerating magnetic dipole
has a hidden momentum of
PEMhidden =
µ× E
c2
(124)
[50, 51], so
Ptot = mx˙ +
µ× E
c2
− S× F
mc2
. (125)
Once we set µ = ge/m and eE = k˙, we find that
k = mx˙+
(g
2
− 1
) 1
mc2
S× k˙, (126)
or
x˙ =
k
m
+
(
1− g
2
) 1
m2c2
S× k˙, (127)
which is again consistent with the Mathisson-Papapetrou-Dixon equation modified to include
the effect of the magnetic moment. That there is no anomalous velocity correction when
g = 2 is also a conclusion in [53].
The result in (127) does not coincide with the wave packet calculation in [18]. In [18]
the anomalous velocity is entirely accounted for by the electromagnetic hidden momen-
tum. There is no sign of the spin hidden momentum that is intimately connected with our
Thomas precession curvature. This discrepancy is presumably due to the position “x” in
the massive Mathisson-Papapetrou-Dixon equations being the centre of mass extracted from
moments of the energy momentum tensor. The position “x” in [18] is the centre of charge or
probability density of the wave packet. Since a Lorentz-boosted magnetic moment acquires
an electric-dipole moment, the charge centre will move away from the mass-centroid in a
velocity-dependent manner and this momentum-dependendent shift will also contribute to
x˙. Whether this shift completely explains the discrepancy requires further study.
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Appendix A: Spinors, polarization and spin
In three dimensions we may take the Dirac gamma matrices to be
γ0 =
[
1 0
0 −1
]
, γa =
[
0 σa
−σa 0
]
, αi = −γ0γi = γ0γi =
[
0 σi
σi 0
]
. (A1)
The eigenspinors with Lorentz-covariant normalization u¯αuβ = −v¯αvβ = δαβ , u¯αvβ = v¯αuβ =
0 can be taken to be
uα(k) =
1√
2m(E +m)
[
(E +m)χα
(σ · k)χα
]
,
vα(k) =
1√
2m(|E|+m)
[
(σ · k)χα
(|E|+m)χα
]
, (A2)
where χα are the unit two-spinors χ1 = (1, 0)
T and χ2 = (0, 1)
T . The label α on uα is
therefore that of the spin in the rest frame of the particle, where
uα →
[
χα
0
]
. (A3)
The spin in the particles’s rest frame is usually called the “polarization,” and is a more
transparent quantity to work with than the lab-frame spin [28].
Define the spin generators
Σµν =
i
4
[γµ, γν] (A4)
and assemble the spatial parts into into a spin three-vector Σ = (Σ23,Σ31,Σ12) where
Σ =
1
2
[
σ 0
0 σ
]
. (A5)
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We can now evalaute
u†αΣuβ =
1
2
χ†α
(
σ +
1
m2
k(k · σ)
(1 + γ)
)
χβ
=
1
2
(
σ +
1
m2
k(k · σ)
(1 + γ)
)
αβ
=
1
2
(
σ +
γ2β(β · σ)
(1 + γ)
)
αβ
, (A6)
where β = v = k/E is the three-velocity, and γ = (1− |β|2)−1/2.
The physical meaning of the combination of σ’s in parentheses in (A6) can be understood
by defining a spin four-vector (S0,S) that takes the value (0, s) particle’s rest frame. Then, by
performing a Lorentz transformation, we find that the corresponding lab-frame components
are given by
S = s+
γ2β(β · s)
(1 + γ)
S0 = γβ · s = β · S. (A7)
We see that u†αΣuβ coincides with the Lorentz transform of the matrix elements of the
operator that measures the polarization s.
Alternatively, we can define the Pauli-Lubansky spin four-vector operator
Sκ =
1
2
ǫκµνλΣµν
(
kλ
m
)
, ǫ1230 = 1, (A8)
that reduces to (0,Σ) in the particle’s rest frame where kµ = (m, 0). Its three space
components are
Si =
1
2
γ ǫijk
(
Σjk − ki
E
Σ0k − Σj0kk
E
)
, (A9)
and the time component is
S0 = γ(β ·Σ) = β ·S. (A10)
Because the the matrix elements u¯αΣµνuβ transform as a tensor, and the matrix elements
of the space components Σi and Si coincide in the particle’s rest frame, we must have that
1
γ
u†αΣiuβ = u¯α
{
1
2
ǫijk
(
Σjk − ki
E
Σ0k − Σj0kk
E
)}
uβ, (A11)
as can be confirmed by direct calculation. The left hand side of (A11) comprises the matrix
elements of the 3-spin operator in a plane-wave beam normalized to one particle per unit
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volume in the lab frame. A physical interpretation of the right hand side is provided in
appendix D.
Although the Pauli-Lubansky four-vector can only be defined in 3+1 dimensions, the
identity
1
γ
u†αΣijuβ = u¯α
(
Σij − ki
E
Σ0j − Σi0kj
E
)
uβ, (A12)
is true in all dimensions. Eq (A12) follows from setting λ = 0, µ = i, ν = j in the the
covariant identity
1
2
u¯α{γλ,Σµν}uβ = 1
m
u¯α (kλΣµν − kµΣλν − Σµλkν) uβ. (A13)
In turn, equation (A13) holds because the right- and left-hand sides are both totally anti-
symmetric tensors whose components coincide in the rest frame of the particle. With the λ
index raised, the left-hand side of (A13) comprises the matrix elements of the spin-current
tensor Sλµν .
Appendix B: General properties of Dirac spinors and matrix elements
We collect some properties of the solutions uα(k), vα(k) to the plane-wave Dirac equation
in any space-time dimension. The positive energy eigenvectors uα, u¯α ≡ u†αγ0, satisfy
(γµk
µ −m)uα = 0,
v¯α(γµk
µ −m) = 0. (B1)
The corresponding negative energy eigenvectors vα(k), v¯α ≡ v†αγ0, obey
(γµk
µ +m)vα = 0,
v¯α(γµk
µ +m) = 0. (B2)
In both cases the momenta lie on the positive energy mass shell. k2 = m2, k0 > 0. We
impose the Lorentz covariant normalization u¯αuβ = −v¯αvβ = δαβ , u¯αvβ = v¯αuβ = 0. The
completeness relation is therefore
I = uαu¯α − vαv¯α
= Λ+ + Λ−, (B3)
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where the projection operators are
Λ+ =
1
2m
(m+ γµk
µ) = uαu¯α
Λ− =
1
2m
(m− γµkµ) = −vαv¯α. (B4)
By varying the equation u¯α(γµk
µ − m)uβ = 0 and making use of the normalization
conditions, we find the 4-current matrix elements
u¯αγ
µuβ = v¯αγ
µvβ = δαβ k
µ/m ≡ δαβV µ. (B5)
Here V µ = γ(1,β) is the 4-velocity derived from the group velocity β = ∂k0/∂k.
Similarly, by varying (B1), (B2), we find that
v¯α δuβ =
1
2m
δkµ(v¯αγµuβ),
δu¯α vβ =
1
2m
δkµ(u¯αγµvβ). (B6)
We must keep kµ on the mass-shell; consequently the δkµ are not independent.
Now consider the covariant Berry connection aαβ = iu¯αduβ. From u¯αduβ + du¯αuβ = 0,
(B6), and the completeness relation, we find that the corresponding curvature is given by
Fαβ
def
= (da− ia2)αβ
= (idu¯αduβ − du¯αuγu¯γduβ)
= i(du¯αuγu¯γduβ − du¯αvγ v¯γduβ − du¯αuγu¯γduβ)
= −i(du¯αvγ)(v¯γduβ)
= −i(u¯αγµvγ)(v¯γγνuβ)dkµ ∧ dkν/4m2
= i(u¯αγµγνuβ)dk
µ ∧ dkν/4m2
= i(u¯α[γµ, γν ]uβ)dk
µ ∧ dkν/8m2
=
1
2m2
(Sµν)αβ dk
µ ∧ dkν . (B7)
Another set of covariant matrix elements are the
(Sµν)αβ = u¯αΣµ,νuβ. (B8)
that occur in (A11), (A12) and (A13). They play the role of the components of a covariant
angular momentum tensor. We find directly from the Dirac equation, that they obey
kµ(Sµν)αβ = 0. (B9)
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Appendix C: Covariant Berry transport is Fermi-Walker transport
Here we show that if we expand ψ = uβC
β and ψ¯ = C∗αu¯α then the covariant parallel
transport of the coefficients Cα leads to the angular momentum tensor
Sµν ≡ i
4
ψ¯Σµνψ (C1)
being Fermi-Walker transported along the trajectory.
Berry transport of the Cα means that
δCα = −(u¯αδuβ)Cβ . (C2)
The states uα(k) themselves change with k
µ so that
δuβ = uαu¯αδuβ − vαv¯αδuβ. (C3)
Putting these two results together we have
δ(uβC
β) = −vα(v¯αδuβ)Cβ, (C4)
and
δ(C∗αu¯α) = −C∗α(δu¯αvβ)v¯β. (C5)
We now use the formulæ (B6) for (δu¯αvβ) and (v¯αδuβ) to find
4iδSµν = C∗αδu¯αvρv¯ρ[γ
µ, γν ]ψ − ψ¯[γµ, γν ]vσv¯σδuβCβ,
=
δkλ
2m
(
ψ¯γλvρv¯ρ[γ
µ, γν]ψ − ψ¯[γµ, γν ]vσv¯σγλψ
)
,
= +
δkλ
2m
(ψ¯γλvρv¯ργ
µuσu¯σγ
νψ − (µ↔ ν))
−δk
λ
2m
(ψ¯γλvρv¯ργ
µvσv¯σγ
νψ − (µ↔ ν))
+
δkλ
2m
(ψ¯γµuρu¯ργ
νvσv¯σγλψ − (µ↔ ν))
−δk
λ
2m
(ψ¯γµvρv¯ργ
νvσv¯σγλψ − (µ↔ ν)). (C6)
We can simplify by using the current matrix elements to get
δSµν =
i
4m2
(
kνδkλψ¯[γµ, γλ]ψ + k
µδkλψ¯[γλ, γ
ν ]ψ
)
=
1
m2
(
kνδkλSµλ + k
µδkλSλ
µ
)
(C7)
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Thus we have found that
∂Sµν
∂τ
+
1
m2
(
kν
∂kλ
∂τ
Sµλ + k
µ∂k
λ
∂τ
Sλ
ν
)
= 0. (C8)
At the level of WKB, where we see no anomalous velocity, we have V µ = kµ/m. Conse-
quently (C8) is
∂Sµν
∂τ
+ V ν
∂V λ
∂τ
Sµλ + V
µ∂V
λ
∂τ
Sλ
ν = 0. (C9)
Given that VµS
µν = (kµ/m)S
µν = 0, equation (C9) is the statement that Sµν is being
Fermi-Walker transported.
Appendix D: Centroids and the centre of mass
We review some standard material on centroids and centres of mass of extended bodies
that should apply to wave-packets of Dirac particles. We work in flat space and suppose there
are no external forces. Our extended body therefore possesses a conserved and compactly
supported symmetric energy-momentum tensor
∂µT
µν = 0, T µν = T νµ. (D1)
Let xµA be a space-time event, Σ a spacelike surface, and define the angular momentum of
the body about xA by
MµνA =
∫
Σ
{(xµ − xµA)T νγ − (xν − xνA)T µγ} dΣγ (D2)
then ([52] page 161) MµνA is a tensor, and independent of the choice of Σ.
We now choose a lab frame and, with i, j running over space indices only, we define the
energy and three-momentum of the body to be
E =
∫
x0=t
T 00d3x, pi =
∫
x0=t
T i0d3x, (D3)
respectively. We also define the mass-centroid X iL in the lab frame by{∫
x0=t
T 00d3x
}
X iL =
∫
x0=t
xiT 00d3x. (D4)
Now
∂t
∫
x0=t
T 00d3x =
∫
x0=t
∂0T
00d3x = −
∫
x0=t
∂jT
j0d3x = 0, (D5)
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and
∂t
∫
x0=t
xiT 00d3x =
∫
x0=t
xi ∂0T
00d3x = −
∫
x0=t
xi ∂jT
j0d3x =
∫
x0=t
δij T
j0d3x = pi. (D6)
So, differentiating its definition with respect to t, we read off that the ordinary three-velocity
of the centroid is
X˙L = p/E. (D7)
Now take xµA to be point in the x
0 = t surface. Then
M i0A =
∫
x0=t
{
(xi − xiA)T 00 − (x0 − x0A)T i0
}
d3x
= (X iL − xiA)E.
(The second term on the right in the first line is zero because x0 − x0A is zero everywhere in
the integral.) Thus M i0A is zero when A is the centroid in the lab frame. If we replace the
lab frame with an inertial frame having four-velocity V µ we have that MµνA Vν = 0 if and
only if A is the mass centroid in that frame.
Define the centre of mass X iCM to be the mass-centroid in the frame where p
i = 0, and
the intrinsic angular momentum Sµν to be the angular momentum about the centre of mass.
Thus Sµνpν = 0 and we automatically have the Tulczyjew-Dixon condition.
Now, looking back at the definition of angular momentum, we see that if we change
reference points we have
MµνA + x
µ
Ap
ν − xνApµ = MµνB + xµBpν − xνBpµ. (D8)
Let us take xA = XCM and xB = XL to be the centroid in the lab frame. Then
SµνA +X
µ
CMp
ν −XνCMpµ = MµνL +XµLpν −XνLpµ, (D9)
and
Sµν + (XµCM −XµL)pν − (xνCM −XνL)pµ =MµνL . (D10)
The lab-frame centroid condition gives us M i0L = 0, and we have (X
0
CM −X0L) = 0, so
S0ν − (XνCM −XνL)E = 0. (D11)
We write this as
(XνCM −XνL) =
S0ν
E
,
(
=
1
E2
Sνipi
)
(D12)
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and find
MµνL =
(
Sµν − Sµ0p
ν
E
− p
µ
E
S0ν
)
. (D13)
Thus we have a physical interpretation of the Pauli-Lubansky spin-tensor components that
appears many times in this paper. It is the intrinsic angular momentum about the lab-frame
centroid.
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